A full energy spectrum, magnetization and susceptibility of a spin-1/2 Heisenberg model on two edge-shared tetrahedra are exactly calculated by assuming two different coupling constants. It is shown that a ground state in zero field is either a singlet or a triplet state depending on a relative strength of both coupling constants. Low-temperature magnetization curves may exhibit three different sequences of intermediate plateaux at the following fractional values of the saturation magnetization: 1/3-2/3-1, 0-1/3-2/3-1 or 0-2/3-1. The inverse susceptibility displays a marked temperature dependence significantly influenced by a character of the zero-field ground state. The obtained theoretical results are confronted with recent high-field magnetization data of the mineral crystal fedotovite K 2 Cu 3 (SO 4 ) 3 .
I. INTRODUCTION
Low-dimensional quantum magnets are subject of considerable research interest since Haldane conjectured a fundamental topological difference between ground states of antiferromagnetic Heisenberg chains with half-odd-integer and integer spins.
1 The Haldane conjecture about a topological ground state of the integer-valued antiferromagnetic Heisenberg spin chains has been later experimentally verified in numerous nickel-and manganese-based polymeric chains.
2 Recently, the cluster-based Haldane state has been also predicted for the natural mineral fedotovite K 2 Cu 3 (SO 4 ) 3 , which is constituted by a spin-cluster chain composed of edge-shared tetrahedra. 3 Beforehand the Haldane phase has been theoretically predicted for the spin-1 2 Heisenberg chain of edge-sharing tetrahedra. [4] [5] [6] In the present work we will comprehensively examine magnetic behavior of a spin-1 2 Heisenberg model on two edge-shared tetrahedra, which has been suggested as a strongly correlated unit cell of the spin-cluster chain realized in the fedotovite. 
II. HEISENBERG EDGE-SHARED TETRAHEDRA
Let us consider the isotropic spin-1 2 Heisenberg model on two edge-shared tetrahedra, which is defined in a magnetic field through the Hamiltonian
The Hamiltonian (1) involves besides the standard Zeeman's term (g is gyromagnetic factor and µ B is Bohr magneton) three intradimer interactions J 1 and eight interdimer interactions J 2 schematically illustrated in Fig. 1(a (a) of the intradimer interaction J 1 the Hamiltonian (1) takes the form
The Hamiltonian (2) can be subsequently put into a diagonal form upon introducing the total spin operator of the whole spin clusterŜ T =Ŝ 1 +Ŝ 2 +Ŝ 3 and the total spin of two corner dimersŜ 13 =Ŝ 1 +Ŝ 3 . Indeed, the energy eigenvalues can be then expressed in terms of quantum spin numbers E = E(S T , S 13 , S 1 , S 2 , S 3 ) of the introduced composite operators
The full energy spectrum is obtained from Eq. (3) by considering all available combinations of the quantum spin numbers. The final exact result for the partition function then reads
where
Boltzmann's constant and T is the absolute temperature. The exact result for the partition function (4) allows calculation of other important quantities such as the free energy, magnetization and susceptibility.
III. RESULTS AND DISCUSSION
Let us explore the most interesting results for two spin-
Heisenberg edge-shared tetrahedra by assuming the antiferromagnetic interdimer interaction J 2 > 0, which has been inferred from recent magnetic measurements on the fedotovite.
3 At first, we will examine the ground-state phase diagram displayed in Fig. 1(b) in the J 1 /J 2 − gµ B B/J 2 plane. According to this plot, the zero-field ground state is either a singlet or a triplet state depending on whether J 1 > J 2 or J 1 < J 2 , respectively. While the singlet ground state causes in a zero-temperature magnetization curve 0-plateau, the triplet ground state contrarily causes 3D surface plots of the magnetization shown in Fig. 2 provide an independent check of the aforedescribed ground-state phase diagram. Although the magnetization does not show true magnetization jumps at any finite temperature, it exhibits at sufficiently low temperatures abrupt but continuous changes in a vicinity of each critical field being reminiscent of zerotemperature magnetization jumps. Of course, the higher the temperature is, the smoother is the respective magnetization curve due to a thermal activation of excited states. It is also evident from Fig. 2 that three possible sequences of the intermediate magnetization plateaux can be generally detected depending on a relative size of the interaction constants: Fig. 3 against temperature for a few selected values of J 1 /J 2 . As could be expected, the nature of ground state basically influences a thermal behavior of the susceptibility. The susceptibility monotonically increases upon lowering temperature and it then shows a marked divergence as T → 0 for J 1 /J 2 < 1, whereas the inverse susceptibility has different slopes in low-and high-temperature regimes. On the contrary, the susceptibility reaches a broad local maximum upon lowering temperature and then it vanishes as T → 0 for J 1 /J 2 > 1, whereas the inverse susceptibility passes through a broad local minimum and then diverges as T → 0.
Finally, let us draw a comparison between theoretical results for the spin-1 2 Heisenberg model on two edge-shared tetrahedra and experimental data reported previously for the fedotovite K 2 Cu 3 (SO 4 ) 3 .
3 High-field magnetization data of the fedotovite are compared in Fig. 4(a) with the relevant theoretical results by assuming the same fitting set of the coupling constants as reported in Ref. 3 . Although there is a qualitative accordance between the theoretical and experimental results, the theoretical results generally precede the experimental data by reaching the lower temperature T = 4.2 K. It noteworthy that any other choice of the coupling constants from the parameter space J 2 > J 1 and J 2 /k B > 39 K cannot resolve this discrepancy. The former requirement J 2 > J 1 is inevitable in order to preserve the triplet ground state being responsible at low magnetic fields for the Fig. 4(a) ].
Experimental data for temperature dependence of the inverse susceptibility of the fedotovite are compared in Fig. 4(b) with the relevant theoretical prediction by assuming the same fitting set of the parameters. The theoretical curve of χ −1 correctly reproduces change in a slope of the experimental curve, which is almost three times greater at low temperatures than at high temperatures. The most evident disagreement between the theoretical and experimental curve can be thus found around the moderate temperature T ≈ 150 K with the most significant change in a slope of the relevant thermal dependence.
In conclusion, we have investigated a magnetic behavior of the spin-1 2 Heisenberg model on two edge-shared tetrahedra, which has been suggested as a strongly correlated unit cell of the spin-cluster chain realized in the fedotovite.
3 It has been evidenced that the ground state is either a singlet or a triplet state. A change in character of the ground state has substantial effect upon temperature dependence of the inverse susceptibility, which monotonically increases for the triplet ground state but shows a nonmonotonous dependence for the singlet ground state. The magnetization curves may display three possible sequences of the intermediate plateaux:
